We construct 2 Ω(n 5/4 ) combinatorial types of triangulated 3-spheres on n vertices. Since by a result of Goodman and Pollack (1986) there are no more than 2 O(n log n) combinatorial types of simplicial 4-polytopes, this proves that asymptotically, there are far more combinatorial types of triangulated 3-spheres than of simplicial 4-polytopes on n vertices. This complements results of Kalai (1988) , who had proved a similar statement about d-spheres and (d + 1)-polytopes for fixed d ≥ 4.
Introduction
In 1988, Kalai [8] In particular, most of these spheres, in a very strong sense, are not polytopal, i.e. there is no convex polytope with the same face lattice. On the other hand, we proved in earlier work [10] that in dimension d = 3, Kalai's construction produces only polytopal spheres, and up to now only few families of non-polytopal 3-spheres were known.
In this paper, we show for the first time that for n large enough, there are far more simplicial 3-spheres than 4-polytopes on n vertices. combinatorially non-isomorphic simplicial 3-spheres on n vertices.
In brief, we prove Theorem 1 by producing a cellular decomposition S of S 3 with n vertices and Θ(n 5/4 ) octahedral facets, and triangulating each octahedron independently. The cellulation S is constructed from a Heegaard splitting S 3 = H 1 ∪ H 2 of S 3 of high genus by appropriately subdividing the thickened boundary surface (
Note that because of their sheer number, most of the spheres we construct are combinatorially distinct: There can be at most n! spheres combinatorially isomorphic to any given one, where n! < n n = 2 n log n . Also note that the only currently known upper bound for s(3, n) is the rather crude estimate log s(3, n) = O(n 2 log n) obtained from Stanley's proof of the Upper Bound Theorem for spheres [11] .
Definitions and notation
A cellulation C of a manifold X is a finite CW complex whose underlying space is X. Proof: There exist infinitely many prime numbers q of the form q = 4k + 1; see [3] . For any prime power q of this form, take as vertices of the cellulation C 
The vertex z corresponds to 0 ∈ F 9 , and the vertices labeled i to the element α i . Note that any two of the q = 9 vertices are adjacent, and that all vertices in any given one of the 9 polygons are distinct. However, the link of every vertex contains identified vertices, and so the vertex stars are not embedded. Right: After subdividing the surface to the triangulation T α q using q new vertices, all stars are embedded disks It is straightforward to check (see [6] and [2, Lemma 12] ) that this cellulation is regular (all vertices in each F (s) are distinct), neighborly (any two vertices are connected by an edge), and closed (any edge is shared by exactly two polygons), but not strongly regular (any two polygons share q −2 vertices). An Euler characteristic calculation yields the genus of the underlying surface S g of C α q . By subdividing each polygon as in Figure 1 (right), the cellulation becomes strongly regular with the stated f -vector. Remark 1. This cellulation was independently obtained in [2] as an abelian covering of the canonical one-vertex cellulation of S g . Remark 2. Heffter's original construction involved only prime numbers. As it turns out, allowing prime powers becomes necessary for symmetric embeddings: According to Biggs [1] , if the complete graph K n embeds into a closed orientable surface in a symmetric way (i.e. there exists a "rotary" or "chiral" combinatorial automorphism, see [13] ), then n is the power of a prime number, and James & Jones [7] showed that any such embedding of K n is actually one from Heffter's family.
Remark 3. Two cellulations C α q and C β q are combinatorially distinct for β = α, 1/α ∈ F q : By [6] , the only automorphisms of C α q are induced by affine maps ϕ : octahedra of E(Π). The complement of one solid handlebody in the 3-sphere is the other solid handlebody of the same genus. One copy of each doubled solid (resp. dashed) homology generator on the upper handlebody H 1 is identified with one copy of the solid (resp. dashed) one on the lower handlebody H 2 in the way indicated by the arrows, and the union of all copies of the generators induces a cellulation of H 1 (resp. H 2 ) into one 3-ball and g solid cylinders. 
Heegaard splittings

Many triangulated 3-spheres
Proof of Theorem 1: We build a cellular decomposition S of S 3 with n vertices and Θ(n 5/4 ) octahedral facets from two triangulated handlebodies and a stack of prisms over a Heffter surface. The theorem then follows by independently triangulating the octahedra. Figure 4 : The thickened Heegaard splitting vertices to obtain a triangulation T ′ of S g , and in each handlebody triangulate the meridian disks spanned by all these polygonal curves (using a total of O(q 2 g) triangles, but no new vertices). Then cone the boundary of each of the 2g solid cylinders bounded by the meridian disks to a new vertex (introducing a total of O(q 2 g) tetrahedra), and cone the triangulated boundary of each of the remaining two 3-balls to another new vertex. This last step uses 2g + 2 new vertices and O(q 4 ) tetrahedra. The total f -vector of this triangulation Apply the E-construction (Proposition 2) to C, using Θ(q 4 ) new vertices, to arrive at a cellulation E(C) of Π g into Θ(q) simplices (pyramids over the boundary triangles), Θ(q The desired cellulation of S 3 is S = T ′′ ∪ C ′ .
